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Abstract. Trigonometry is a subject taught at high school and university level. Since the basic trigonometric relations are first
introduced in a right triangle, which is sufficiently studied in primary school, with an emphasis on the Pythagorean theorem, certain
trigonometric problems can be solved by primary school students if they only know the definitions of the trigonometric functions in a
right triangle as well as their values for characteristic acute angles (30°, 45° and 60°). We give a few examples of trigonometric
equations that can be solved with basic knowledge of the trigonometric relations in a right triangle and using the geometric tools that
the students in the upper grades of primary school already have. Everything is done in order to promote the creative teaching of
mathematics, especially in the work with talented students, and to make the classes more interesting and fun. The objectives are to
improve the math knowledge of the students, to develop their math skills and to motivate them to do independent research.
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1. INTRODUCTION

Trigonometry is a subject taught at high school and university level. Few decades ago, trigonometric functions of an
acute angle were taught in the eighth grade of primary education [1]. In recent years, this topic has been studied by the
students in the second year of secondary education. Trigonometry studies the relationships involving side lengths and
angles of triangles, so knowledge of geometry is very helpful in dealing with trigonometric problems. Since the basic
trigonometric relations are first introduced in a right triangle, which is sufficiently studied in primary school, with an
emphasis on the Pythagorean theorem, certain trigonometric problems can be solved by ninth-grade students if they only
know the definitions of the trigonometric functions in a right triangle as well as their values for characteristic angles (30°,
45° and 60°). Many countries, such as Romania and North Korea, introduce basic trigonometry in middle school (grades
5-9). Vajiac in [6] concludes that basic trigonometric concepts are within reach of six graders. According to him, the
schools may start with introducing elementary trigonometry in sixth-grade honors classes. It could be done with minimum
effort and it would change the children attitude toward learning mathematics.

This idea of finding relationships between the angles and the sides in a right triangle is to motivate elementary school
students to "discover" certain trigonometric identities on their own and then use them to solve some trigonometric
equations. In the Macedonian educational system, the trigonometric equations are introduced to the students in the third
year of secondary school. We give a few examples of trigonometric equations that can be solved with basic knowledge
of the trigonometric relations in a right triangle and using the geometric tools that the students in ninth grade already
have. Everything is done in order to promote the creative teaching of mathematics, especially in the work with talented
students, and to make the classes more interesting and fun. The objectives are to improve the math knowledge of the
students, to develop their math skills and to motivate them to do independent research.

At the beginning we present some results that we apply in our further work. Using elementary geometry and the
definitions of the trigonometric functions in a right triangle and the unit circle, we compute the values of sine and cosine

functions at 30°, 45, 60° and give proofs of some trigonometric identities. These results can be found in many books
(see the references). Then we consider a few trigonometric equations and solve them for acute angles (0 < x <90°).
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2. THE SINE AND CosSINE FuncTions oF 307, 45° AND 60° .

In this section we present some well-known results which can be found in many textbooks. Namely, the trigonometric

ratios of 30°, 45" and 60° angles can be easily derived from 30" —60° —90° and 45 —45 —90" right triangles, “with the
help” of the Pythagorean theorem.

Let ABC be an equilateral triangle with side length 1 and AD be the height of the triangle through the vertex 4.

__ A3 _ 1
o AD 5 1 3 BD o1 1
Then ABD is right triangle and we have sin60°= — =-%—=—, €0s60°=—=5—=—.
AB 1 2 AB 1 2
1 B
. . BD 51 1 A ot
Since #BAD =30", we have sin30°=—=“—=— and c0s30°=—=—“4%5—=—.
AB 1 2 1 2
A
1 30°
60°
B D c
Figure 1

Let ABC be an isosceles right triangle with hypotenuse AB=1. From the Pythagorean theorem we have

) 2 5
E:E:a:E.Then,sin45°:B=C:L=—2andcos45°:A=C:L=—2.
2 B 1 2 1 2
B
a
C a A

Figure 2
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3. SOME BASIC TRIGONOMETRIC IDENTITIES

Next, we give geometric proofs of some trigonometric identities which are used for the trigonometric equations in the
following section. The geometric proofs in the trigonometry are not complete proofs since they depend on the figures,
but are very suitable for the ninth-grade students. In the literature, one can find many examples of geometric proofs of
various trigonometric identities [2, Jarrett] and very often those proofs are given as proofs without words [5, Nelsen].

3.1 PROOF OF sin?x + cos?x =1

sinx

O cosz (O }D

Figure 3

Let LAOD=x and C eOD, such that AC is perpendicularto OD . Then AOC isright triangle with the hypotenuse
of length 1. We have sin x :%, i.e., AC=sinx and cosx :% i.e., OC =cosx . The Pythagorean theorem gives

sin?x+cos? x=1.

; 1- 1+
3.2 PROOFS OF sin?= = —=2AND cos?2 = 2%
2 2 2 2
R
A
/2
M
z/2 x
B \ 0 cosx (l—cos .r[D
Figure 4

Let L~AOD=x. Then AABng and «BAD=90°. If M is the midpoint of the circle chord AB, then OM and

— X
AB are perpendicular to each other. From the right triangle OMB we obtain sin§:¥, ie, OM :smE and
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— X — . X
cos%:% i.e., BM :cosz. Since OM is a midsegment in the triangle ABD, it follows that ADZZSIHE, and

— X
since M is the midpoint of the segment AB, we have AB= ZCOSE .

The triangles ABD and CAD are similar (both are right triangles and they have one common acute angle), so

X cD 1- ., X 1-cosx
Z/CAD =— . Then, from the right triangle ACD we have sinfzgzl CosX . Hence, sin?==
2 AD Zsin5 2 2
2
. . BC X 1+cosx
From the right triangle ABC we have c055=£= L+cosx . Hence, cos* = = .
AB 2cosX 2 2
2

4. SOLVING TRIGONOMETRIC EQUATIONS

In this section, using elementary geometric tool, the definitions of trigonometric ratios and the results given above,
we solve some trigonometric equations for acute angles (0 < x <90°).

. X
4.1) smx:cosE , 0<x<90°

2t

7 /2 T
B \ 0 C [D
Figure 5

. X . X . . oooxt
Let sinx =t. From SII’IX=COSE , it follows that cosE:t . From the right triangle ABC we obtain SmEZZ_t:_

. Hence, 2:30" ,1.e., Xx=60°.
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4.2) cosx—cos§+1:0, 0<x<90°

A
2t
x/2 T !
B () “C | D
5 p—m——
s—1
Figure 6

X X ) .
Let cosE:t and 1+cosx=s. Then, cosx—cos§+1:0 convertsto s—t=0. From the right triangles ABC and
AOC, we obtain AC = (2t)*—s®> and AC =12 - (1-s)®, respectively. Then, (2t)°—s®=1>—-(1-5s)?,

. . 1
4t> —s? =1-1+2s—s, 4t =2s=2t. The last equation is equivalent to t(2t —1)=0. Hence, t =0 or tZE .

Since t >0, it follows that cosg = % . So g =60°, i.e.,, x=120°. Since we solve for 0 < x <90°, it follows that this
equation has no solution.
4.3) sin x:\/§sin§ , 0<x<90°
A
x/2
NE
/2 T .
7 0 c [P

Figure 7

X — . X L. X
Let smE:t.Then AD=2t. From smx:\/gsmi we obtain AC:S|nx:J§t . It’s clear that LDAC:E , S0, from

the right triangle ACD we have cos§=§tt=§fhen, 2:30" ,i.e., x=60°.
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4.4) sin§+cosx:l, 0<x<90°

A
x/2
2t

x/2 @
i S

Figure 8

If singzt then AD=2t. From sin§+cosx:l we obtain CD =1-cosx =t . From the right triangle ACD we

have sinfzizl. Hence, 5:30°, i.e., x=60°.
2 2t 2 2

4.5) 2sin?x — cosx,0 < ¢ < 90°

242

Figure 9

Let sinx=t. Then AC=sinx=t and BC=1+cosx. From 2sin?x—cosx=1, it follows that
BC=1+cosx=2sin?x=2t>. Hence, OC=cosx=BC-1=2t>~1. From the right triangle AOC we obtain

t? +(2t? —1)? =12, i.e., 4t* —3t> =0. The last equation is equivalent to t?(4t> —3) =0. Hence, t> =0 or t :% Since

V3 V3

t >0, it follows that t=7, i.e., sinx=7. Finally, x=60°.
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4.6) tgx=\/§sinx, 0<x<90°

FE
A
V2t
t
€T
B \ O—/—’Cw / D
COos X

Figure 10

Let sinx=t. From tgx:\/isinx we have E):tgx:ﬁt. Since the triangles AOC and EOD are similar, it

follows that %:L, ie., cosx:i:—z. Hence, x=45°.
1zt J2o 2
. X
4.7) cosx:smz, 0<x<90°
A
M
sinE
x/2 2 x
B\ O cosx c ID
Figure 11
. _ OM OM  — . X X
Let M be the midpoint of AB. Then, /OMB=90° and sm%:%:OTM , SO OM:smE. From cosx:smz

we have that OM =OC . It follows that the right triangles AMO and ACO are congruent (they have common
hypotenuse and one equal leg). Therefore, LZAOM = ZA0C = x . Since ZAOM = ZBOM , it follows that x+§ =90°,
i.e., 3x=180°. Hence, x=60°.
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4.8) V3(1 — cosx) = sinx, 0< x <90°

z/2 x |
B\ 0 ot }D

Figure 12

Let ﬁzl—cosx =t . Then, the equation ﬁ(l—cosx) =sin x implies AC =+/3t . From the right triangle ACD we

have t Hence, —30° i.e., x=60°.
95 f f

2
4.9) 3tg’x=———1+1, 0<x<90°
cos® x

B\ o) 1 o D
t

—

Figure 13

Let F be a point on the line AC, such that FC=1.Let OF intersects the tangent of the circle at D, at the point G

GD . 1
. The triangles OCF and ODG are similar and therefore F_C:G—_D i.e. i:G—D Hence, GD = —— .
OoC OD cosx 1 COSX
1 — 1 . — 1 1 .
Let t=——.Then OC =1 and sinx=AC = 1—— Ji.e, sin’x= 1-— ... (1) Thetriangles 40C and EOD are
COSX
- ) ,
similar and therefore A=C:E= i.e., w:tg]?x_ Hence, t:t_g_x' ie. t? :t_g_zx ... (2) From (1) and (2) we obtain
OoC OD 1 1 sin x sin? x
t
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tg2x = t?sin’x = t? (1 —tiz) =t2—1.. (3) From the initial equation 3tg?x = ﬁ +1 and (3) we obtain

3(t?2 — 1) = 2t? + 1, which is equivalent to t2 = 4. Since t > 0, it follows that t = 2, i.e., cosx = % Hence,x = 60°.

4.10) 2sin’x + sinx —1=10,0 < x < 90°

The given equation is equivalent to 2(1—sin® x) =1+sin x. Hence, 2cos? x =1+sin x ... (1). From the right triangles

AQP and RPA we have cos® x+(1+sinx)>=b? ... (2) and a’+b*=4 ... (3), respectively. The triangles RPA and

o . 2 . . . 2
RAQ are similar. Therefore, %: %, lLe., a= cssx ... (4). Putting (4) in (3) we obtain 4053 X ip2=4. Hence,
2 4b* —b* ; 2 2 \\2 2 ; ;
COS" X = ... (6). From (1) and (2), it follows that cos” x+(2cos” x)* =b” ... (6). If we put (5) in (6), we obtain
4b* —p* 4b® -

4
2 +(2 Z b )2 =b®. Hence, (4b® —b*)? =b*,i.e. b*(4—b?)? =b*. Since b* =0, it follows that (4—b?)* =1

. . . . 3
. Then 4—b?=1or 4—b?>=-1, i.e,, b* =3 or b? =5. If we substitute the last results in (5), we obtain cos’ X:Z or

cos? x = _75 (the second result is not possible). Since 0< x <90°, it follows that cosx = ? . Hence, x=30°.

R

Q

1+sinx b

\

P
Figure 14

5. CONCLUSION

The purpose of this work is not to introduce the topic Trigonometric equations in regular classes which are realized
according to a previously determined plan and program. The idea is to show that the elementary school students can
derive trigonometric properties and solve some trigonometric equations with the knowledge they already have. They just
need to be motivated to research and guided through the process. It could be done in honors classes or in the workshops
for talented students. This approach makes the teaching mathematics more creative and interesting.
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