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ABSTRACT 

In this paper we derive some new estimates for some class of harmonic Mathieu series, using 

their integral representations and well known results for the harmonic numbers and the 

polygamma functions.  
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INTRODUCTION 

 The classical Euler gamma function ( )x  is defined for 0x   by 
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( ) x tx t e dt



         (1) 

The logarithmic derivative of ( )x , denoted by    ( ) /x x x    , is called the psi or 

digamma function, and 
 

( )
k

x  for k ∈ N are called the polygamma functions. 

 

 The harmonic numbers nH  are defined and represented analytically by  

 0 0H   and  
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where   is the celebrated Euler-Mascheroni constant given by 
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For the harmonic numbers, the following identities hold true:  
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MAIN RESULTS 

The aim of this paper is to establish new inequalities for some harmonic Mathieu series. 

 For our main results, the following lemmas are needed: 

 

Lemma 1 ([1]). The following result holds true: 
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where  
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is the Gauss hypergeometric function and 

        
0

1; 1 ... 1
n

n               (8) 

is the Pochhammer symbol. 

The series in (7) is convergent for 1z  .  

In particular, for 1   we have  
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Lemma 2 ([2]). For 0x   and 𝑘 ∈ 𝑁, we have  
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In particular, for 1k  , (11) becomes      
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Lemma 3 ([4]). The following double inequality holds true 
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Lemma 4 ([3]). The following integral representation holds true: 
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Lemma 5 ([3]). The following integral representation holds true: 
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Lemma 6 ([3]). The following integral representation holds true: 
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Remark 1. For our results we use the right-hand sides in (10), (12) and (13). 
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Remark 2. For our results we also use the set of basic inequalities  

   ln 1 ( 0)x x x   ;   1x x  ;  1x x x   .   (17)  

Applying the inequalities (10), (12) and (17) in the integral representation (14), doing 

straightforward calculation and using the integral formula (9), we obtain the following result: 

Theorem 1. For 2   and 
1

2
x  , the following estimate holds true:    
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(18)  

Applying the inequalities (13) and (17) in the integral representation (15), doing straightforward 

calculation and using the integral formula (9), we obtain the following result: 

Theorem 2. For 2   and 0x  , the following estimate holds true:    
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(19)  

From the integral representation (16), using cos 1x   and straightforward calculation, we 

obtain the following, not sharp but elegant inequality: 

Theorem 3. For  \ 1p , the following estimate holds true:      
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